1 Introduction {#sec1-0962280216648357}
==============

In cluster randomised trials (CRTs), identifiable clusters of individuals such as villages, schools, medical practices -- rather than individuals -- are randomly allocated to each of intervention and control groups, while individual-level outcomes of interest are observed within each cluster. The number of clusters and/or the cluster sizes in each intervention group might be different. CRTs with equal number of clusters in each intervention group with constant cluster size are known as balanced CRTs. One important characteristic of CRTs is that the outcomes of individuals within the same cluster may exhibit more similarity compared to the outcomes of individuals in the other clusters, which is quantified by the intraclass correlation coefficient (ICC), denoted by *ρ*. In practice, the value of ICC typically ranges from 0.001 to 0.05 and it is rare for clinical outcomes to have ICC above 0.1.^[@bibr1-0962280216648357]^ Small values of ICC can lead to substantial variance inflation factors and should not be ignored.^[@bibr2-0962280216648357],[@bibr3-0962280216648357]^ CRTs are being increasingly used in the fields of health promotion and health service research. Reasons for such popularity include the nature of intervention that itself may dictate its application at the cluster level, less risk of intervention contamination and administrative convenience.^[@bibr4-0962280216648357]^ It is well known that the power and precision of CRTs are lower relative to trials that individually randomise the same number of individuals.^[@bibr2-0962280216648357]^ In spite of this, the advantages associated with CRTs are perceived by researchers to outweigh the potential loss of statistical power and precision in some situations.

Attrition is a common problem for CRTs, leading to missing outcome data. This not only reduces the statistical power of the study but may result in biased intervention effect estimates.^[@bibr5-0962280216648357]^ Handling missing data in CRTs is complicated by the fact that data are clustered. Inadequate handling of the missing data may result in misleading inferences.^[@bibr6-0962280216648357]^ A systematic review^[@bibr7-0962280216648357]^ revealed that, among all CRTs published in English in 2011, 72% of trials had missing values either in outcomes or in covariates or in both. Among them only 34% of CRTs reported how they handled missing data. One of the reasons may be that the methodological development for dealing with missing data in CRTs has been relatively slow in spite of the increasing popularity of CRTs. Cluster mean imputation has been suggested as a valid approach for handling missing outcome data in CRTs.^[@bibr8-0962280216648357]^

The impact of missing data on estimation and inference of a parameter of interest depends on the missing data mechanism, the method used to handle the missing data, and the choice of statistical methods used for data analysis. In this paper, we study the validity of three analysis methods -- unadjusted cluster-level analysis, adjusted cluster-level analysis and linear mixed model (LMM) -- when there is missingness in the continuous outcome, and this missingness depends on baseline covariates, and conditional on these baseline covariates, not on the outcomes itself. We compare the performance of these methods on complete records and multiply imputed datasets. In addition, we investigate the validity of cluster mean imputation, as proposed by Taljaard et al.,^[@bibr8-0962280216648357]^ under the same missingness assumption.

This paper is organised as follows. Section 2 presents a brief review of the approaches to the analysis of CRTs with complete data. In Section 3, the assumed missingness mechanism for CRTs is described. Section 4 describes methods of handling missing data in CRTs. In Section 5, we investigate the validity of complete records analysis of CRTs. Section 6 describes a simulation study and presents the results. We conclude the study with some discussion in Section 7.

2 Analysis of CRTs with complete data {#sec2-0962280216648357}
=====================================

We begin by describing the two broad approaches to the analysis of CRTs in the absence of missing data. These are cluster-level analysis and individual-level analysis.

2.1 Cluster-level analysis {#sec3-0962280216648357}
--------------------------

Cluster-level analysis can be done in two ways: unadjusted cluster-level analysis and baseline covariate adjusted cluster-level analysis. This approach can be explained as a two-stage process. In the first stage of unadjusted analysis, a relevant summary measure of outcomes is calculated for each cluster. Then, in the second stage, the cluster-specific summary measures of the control and intervention groups obtained in the first stage are compared using appropriate statistical methods. The most common one is the standard *t*-test for two independent samples (here referred to as cluster-level *t*-test) with degrees of freedom (DF) equal to the total number of clusters in the study minus two. The basis of using this test is that the resulting summary measures are statistically independent, which is a consequence of the clusters being independent of each other. In the case of baseline covariate adjusted analysis, an individual-level regression analysis is carried out at the first stage including all covariates as explanatory variables, except for the intervention indicator, and ignoring the clustering of the data.^[@bibr4-0962280216648357],[@bibr9-0962280216648357]^ The individual level residuals from the first-stage model are then used to calculate the cluster-specific summary measures for the control group and the intervention group, which are then compared using cluster-level *t*-test in the second stage of analysis to evaluate the intervention effect adjusted for baseline covariates. The main purposes of adjusting for baseline covariates are to increase the credibility of the trial findings by demonstrating that any observed intervention effect is not attributed to the possible imbalance between the intervention groups in term of baseline covariates and to improve the statistical power.^[@bibr10-0962280216648357]^

2.2 Individual-level analysis {#sec4-0962280216648357}
-----------------------------

In individual-level analysis, a regression model is fitted to the individual-level outcomes, allowing for the fact that observations within the same cluster are correlated. LMM is widely used as individual-level analysis for CRTs with continuous outcomes. The LMM takes into account between-cluster variability using cluster-level effects which are assumed to follow a specified probability distribution. The parameters of that distribution are estimated using maximum likelihood methods together with intervention effect and other covariates effects. Generalised estimating equations are an alternative approach, but for continuous outcomes and an exchangeable correlation matrix, estimates are identical to those from LMM with a random intercept.^[@bibr11-0962280216648357]^

The adjusted *t*-test, proposed by Donner and Klar,^[@bibr2-0962280216648357]^ is an alternative approach to test the intervention effect for quantitative outcomes, which involves calculating the mean of the individual outcome values in each intervention group. These means are then compared using a *t*-test in which the standard error (SE) is adjusted to account for the intracluster correlation. The adjusted *t*-test and the cluster-level *t*-test are identical for balanced CRTs.

3 Missingness mechanism assumptions for CRTs {#sec5-0962280216648357}
============================================

In this paper, we will consider the common setting where the outcomes are continuous, and only outcomes are missing. In statistical analysis, if there are missing values, an assumption must be made about the missingness mechanism, which refers to the relationship between missingness and the underlying values of the variables in the data.^[@bibr12-0962280216648357]^ According to Rubin's framework,^[@bibr13-0962280216648357]^ a missingness mechanism can be classified as (i) missing completely at random (MCAR), where the probability of a value being missing is independent of the observed and unobserved data; (ii) missing at random (MAR), where conditioning on the observed data, the probability of a value being missing is independent of the unobserved data; and (iii) missing not at random (MNAR), where the probability of value being missing depends on both observed and unobserved data.

In CRTs, an assumption that may sometimes be plausible is that missingness in outcomes depends on covariates measured at baseline and conditional on these baseline covariates, not on the outcome itself. We refer to this as covariate dependent missingness (CDM). For example, blood pressure outcome data could be CDM if missingness in blood pressure measurement depends on covariates (e.g. age, BMI or weight), but given these, not on the blood pressure measurement itself. CDM is an example of a MAR mechanism when covariates are fully observed.

Let *Y~ijl~* be a continuous outcome of interest for the *l*th $(l = 1,2,\ldots,m_{\mathit{ij}})$ individual in the *j*th $(j = 1,2,\ldots,k_{i})$ cluster of the intervention group *i* $(i = 1,2)$, where *i* = 1 corresponds to control group and *i* = 2 corresponds to intervention group. We assume that the *Y~ijl~* follow a LMM given by $$Y_{\mathit{ijl}} = \alpha_{i} + \beta_{i}X_{\mathit{ijl}} + \delta_{\mathit{ij}} + \varepsilon_{\mathit{ijl}}$$ where *α~i~* is a constant for *i*th intervention group, *X~ijl~* is a baseline covariate value for $(\mathit{ijl})$th individual, *β~i~* is the effect of baseline covariate *X* on *Y* in intervention group *i*, *δ~ij~* is the $(\mathit{ij})$th cluster effect and *ε~ijl~* is the individual error term. We also assume that the cluster effect $(\delta_{\mathit{ij}})$ and the individual error $(\varepsilon_{\mathit{ijl}})$ are statistically independent, and $\text{E}(\delta_{\mathit{ij}}) = 0,\text{Var}(\delta_{\mathit{ij}}) = \sigma_{b}^{2}$ and $\text{E}(\varepsilon_{\mathit{ijl}}) = 0,\text{Var}(\varepsilon_{\mathit{ijl}}) = \sigma_{w}^{2}$, where $\sigma_{b}^{2}$ and $\sigma_{w}^{2}$ are the between-cluster variance and within-cluster variance, respectively. Later we will sometimes make normality assumptions on these random effects/random errors. Suppose the baseline covariate *X* has mean *μ~x~*. Then $$\text{E}({\overline{Y}}_{i}) = \alpha_{i} + \beta_{i}\mu_{x} = \mu_{i}$$ where ${\overline{Y}}_{i} = (1/k_{i})\sum_{j = 1}^{k_{i}}(1/m_{\mathit{ij}})\sum_{l = 1}^{m_{\mathit{ij}}}Y_{\mathit{ijl}} = (1/k_{i})\sum_{j = 1}^{k_{i}}{\overline{Y}}_{\mathit{ij}}$. Here, ${\overline{Y}}_{i}$ and ${\overline{Y}}_{\mathit{ij}}$ are the mean outcome of the *i*th intervention group and the $(\mathit{ij})$th cluster, respectively. With complete data, the cluster-level analysis estimate of the intervention effect, say $\hat{\theta}$, is then calculated as $$\hat{\theta} = {\overline{Y}}_{1} - {\overline{Y}}_{2}$$

With complete data, this estimator is unbiased for the true intervention effect, that is $$\text{E}(\hat{\theta}) = \mu_{1} - \mu_{2}$$

Suppose there are some missing values for outcome *Y*. Define a missing data indicator *R~ijl~* such that $$R_{ijl} = \left\{ \begin{matrix}
{1,~\text{if}~Y_{ijl}~\text{is observed}~} \\
{0,~\text{if}~Y_{ijl}~\text{is missing}~} \\
\end{matrix} \right.$$ Then $\sum_{l = 1}^{m_{\mathit{ij}}}R_{\mathit{ijl}}$ is the number of observed outcomes in the $(\mathit{ij})$th cluster. The CDM assumption can then be expressed as $$\left. P(R_{\mathit{ijl}} = 0 \middle| \mathbf{Y}_{\mathit{ij}},\mathbf{X}_{\mathit{ij}}) = P(R_{\mathit{ijl}} = 0 \middle| X_{\mathit{ijl}}) \right.$$ where $\mathbf{Y}_{\mathit{ij}} = (Y_{\mathit{ij}1},Y_{\mathit{ij}2},\ldots,Y_{\mathit{ijm}_{\mathit{ij}}})$ and $\mathbf{X}_{\mathit{ij}} = (X_{\mathit{ij}1},X_{\mathit{ij}2},\ldots,X_{\mathit{ijm}_{\mathit{ij}}})$ are the vectors of the outcomes and the baseline covariate values, respectively, in the $(\mathit{ij})$th cluster. In other words, the missingness of the $(\mathit{ijl})$th individual's outcome *Y~ijl~* depends only on that individual's baseline covariate value *X~ijl~*.

4 Methods of handling missing data in CRTs {#sec6-0962280216648357}
==========================================

Common approaches for handling missing data in CRTs include complete records analysis (CRA), single imputation and multiple imputation (MI). This section describes these approaches. In this paper, we focused on CRA and MI since they are the most commonly used methods for handling missing data.

4.1 CRA {#sec7-0962280216648357}
-------

In CRA, often referred to as complete case analysis, only individuals with outcome observed are considered in the analysis, while individuals with missing outcome are excluded. It is widely used because of its simplicity and is usually the default method of most statistical packages. It is well known that CRA is valid if data are MCAR or if missingness is independent of the outcome, conditional on covariates.^[@bibr12-0962280216648357]^ Likelihood-based CRA is valid under MAR, if missingness is only in the outcome and all predictors of missingness are conditioned on in the model.^[@bibr12-0962280216648357]^ CRA is also valid under MNAR mechanisms where missingness in a covariate is dependent on the value of that covariate, but is conditionally independent of outcome.^[@bibr14-0962280216648357],[@bibr15-0962280216648357]^

4.2 Single imputation {#sec8-0962280216648357}
---------------------

Single imputation imputes a single value for each missing outcome and creates a complete dataset. In general, single imputation is not recommended, since estimates of uncertainty are biased downwards, leading to anti-conservative inferences. However, for CRTs two choices for single imputation are group mean imputation and cluster mean imputation.^[@bibr8-0962280216648357]^ In the first case, missing outcomes in each intervention group are replaced by the mean outcome calculated using complete records pooled across clusters of that group. This approach reduces the variability among the clusters means and, therefore, gives inflated Type I error.^[@bibr8-0962280216648357]^ In cluster mean imputation, missing outcomes in each cluster are replaced by the mean outcome calculated using complete records of that cluster. This approach has been suggested as a good approach for handling missing outcomes by Taljaard et al.^[@bibr8-0962280216648357]^ They showed that cluster mean imputation gives Type I error close to nominal level under MCAR, using adjusted *t*-test with balanced CRTs. However, under MAR or CDM, adjusted *t*-test with cluster mean imputation may not be valid. We note that, with balanced CRTs, the cluster-level *t*-test and the adjusted *t*-test are identical with cluster mean imputation since after imputation the cluster sizes become constant and the cluster means remain unchanged by the imputation. Consequently, our later results for the validity of cluster level t-test can also be applied to infer the validity of results after using cluster mean imputation. One additional problem with cluster mean imputation is that it distorts the estimates of between-cluster variability and within-cluster variability, which often are of interest.

4.3 MI {#sec9-0962280216648357}
------

MI, first proposed by Rubin,^[@bibr16-0962280216648357]^ is a method of filling in the missing outcomes multiple times by simulating from an appropriate model. The aim of imputing multiple times is to allow for the uncertainty about the missing outcomes due to the fact that the imputed values are sampled draws for the missing outcomes. A sequence of *Q* imputed datasets is obtained by replacing each missing outcome by a set of $Q \geq 2$ imputed values that are simulated from an appropriate distribution or model. Each of the *Q* datasets is then analysed as a completed dataset using a standard method. The results from the *Q* imputed datasets are then combined using Rubin's rules.^[@bibr16-0962280216648357]^ The combined inference is based on a *t*-distribution with DF given by $$\nu = (Q - 1)(1 + \frac{Q}{Q + 1}\frac{W_{\text{MI}}}{B_{\text{MI}}})^{2}$$ where $B_{\text{MI}}$ is the between-imputation variance and $W_{\text{MI}}$ is the average within-imputation variance. This formula for DF is derived under the assumption that the complete data DF, $\nu_{\text{com}}$, is infinite.^[@bibr17-0962280216648357]^

In CRTs, $\nu_{\text{com}}$ is usually small as it is based on the number of clusters in each intervention group rather than the number of individuals. For unadjusted cluster-level analysis and individual-level baseline covariate adjusted cluster-level analysis, $\nu_{\text{com}}$ is calculated as $k_{1} + k_{2} - 2$ for statistical inference using cluster-level *t*-test^[@bibr4-0962280216648357]^ and adjusted *t*-test.^[@bibr8-0962280216648357]^ An adjustment is made to the $\nu_{\text{com}}$ to adjust for cluster-level baseline covariates using cluster-level analysis. In this case, we reduce the complete data DF from $\nu_{\text{com}} = k_{1} + k_{2} - 2$ to $\nu_{\text{com}} = k_{1} + k_{2} - 2 - p$, where *p* is the number of parameters corresponding to the cluster-level baseline covariates in the first-stage regression model.^[@bibr4-0962280216648357]^

When $\nu_{\text{com}}$ is small and there is a modest proportion of missing data, the repeated-imputation DF, *ν* (given in equation ([2](#disp-formula7-0962280216648357){ref-type="disp-formula"})), for reference *t*-distribution can be much higher than $\nu_{\text{com}}$, which is not appropriate.^[@bibr17-0962280216648357]^ In such a situation, a more appropriate DF, $\nu_{\text{adj}}$, proposed by Barnard and Rubin,^[@bibr17-0962280216648357]^ is calculated as $$\nu_{\text{adj}} = \left( {\frac{1}{\nu} + \frac{1}{{\hat{\nu}}_{\text{obs}}}} \right)^{- 1} \leq \nu_{\text{com}}$$ where $${\hat{\nu}}_{\text{obs}} = \left( {1 + \frac{Q + 1}{Q}\frac{B_{\text{MI}}}{W_{\text{MI}}}} \right)^{- 1}\left( \frac{\nu_{\text{com}} + 1}{\nu_{\text{com}} + 3} \right)\nu_{\text{com}}$$ At least four different types of MI have been used in CRTs.^[@bibr7-0962280216648357]^ These are *standard* MI which ignores clustering, *fixed effects* MI which includes a fixed effect for each cluster in the imputation model, *random effects* MI where clustering is taken into account through random effects in the imputation model and *within-cluster* MI where standard MI is applied within each cluster. Andridge^[@bibr18-0962280216648357]^ showed, with balanced CRTs under MCAR and MAR missingness in a continuous outcome with a single covariate in addition to intervention indicator, that MI models that incorporate clustering using fixed effects for cluster can result in a serious overestimation of variance of group means and this overestimation is more serious for small cluster sizes and small ICCs. This overestimation of variance results in a decrease in power, which is particularly dangerous for CRTs which are often underpowered.^[@bibr18-0962280216648357]^ MI using random effects for cluster gave slight overestimation of variance of group means for very small values of *ρ*. Andridge also showed that using an MI model that ignores clustering can lead to severe underestimation of the MI variance for large values of ρ (\>0.005). This underestimation of variance leads to inflated Type I error.

Taljaard et al.^[@bibr8-0962280216648357]^ examined the performance of MI in a simple setup considering balanced CRTs where there are no covariates except intervention indicator using standard regression imputation, which ignores clustering, and random effects MI which does account for intraclass correlation. They also considered the Approximate Bayesian Bootstrap (ABB) procedure, proposed by Rubin and Schenker,^[@bibr19-0962280216648357]^ as a non-parametric MI. In ABB, sampling from the posterior predictive distribution of missing data is approximated by first generating a set of plausible contributors drawn with replacement from the observed data, and then imputed values are drawn with replacement from the possible contributors. Two possible uses of ABB in CRTs are pooled ABB and within-cluster ABB, where the set of possible contributors are sampled from all observed values across the clusters in each group or from observed values in the same cluster, respectively. They showed that none of these four MI procedures tend to yield better power compared to the power of adjusted *t*-test using no imputation and cluster mean imputation under MCAR.

We note that in the case of missing outcome under MAR for individually randomised trials, Groenwold et al.^[@bibr20-0962280216648357]^ showed that CRA with covariate adjustment and MI give similar estimates so long as the same set of predictors of missingness is used. It can be anticipated that similar result holds for CRTs. An obvious advantage of CRA over MI is that it is much easier to apply, and therefore in situations where they are equivalent, CRA is clearly preferable.

5 Validity of CRA of CRTs {#sec10-0962280216648357}
=========================

In this section, we describe the unadjusted cluster-level analysis, baseline covariate adjusted cluster-level analysis and LMM analysis methods using complete records, and derive conditions under which they give valid inferences under the CDM assumption.

5.1 Unadjusted cluster-level analysis using complete records {#sec11-0962280216648357}
------------------------------------------------------------

The mean of the observed outcomes in the *i*th intervention group can be calculated as $${\overline{Y}}_{i}^{\text{obs}} = \frac{1}{k_{i}}{\sum\limits_{j = 1}^{k_{i}}{\overline{Y}}_{ij}^{\text{obs}}}$$ where ${\overline{Y}}_{ij}^{\text{obs}} = \left( {1/{\sum_{l = 1}^{m_{ij}}R_{ijl}}} \right){\sum_{l = 1}^{m_{ij}}R_{ijl}}Y_{ijl}$ is the observed mean of $(\mathit{ij})$ th cluster. The estimate of intervention effect is given by $${\hat{\theta}}^{\text{obs}} = {\overline{Y}}_{1}^{\text{obs}} - {\overline{Y}}_{2}^{\text{obs}}$$ In Appendix 1, we show that $$\text{E}\left( {\hat{\theta}}^{\text{obs}} \right) = \mu_{1} - \mu_{2} + \beta_{1}\left( {\mu_{x11} - \mu_{x}} \right) - \beta_{2}\left( {\mu_{x21} - \mu_{x}} \right)$$ and $$\text{Var}\left( {\hat{\theta}}^{\text{obs}} \right) = {\sum\limits_{i = 1}^{2}\frac{1}{k_{i}}}\left( {\beta_{i}^{2}\sigma_{{\overline{x}}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}}} \right)$$ where $\mu_{\mathit{xi}1}$ is true mean of the baseline covariate *X* in the *i*th intervention group among those individuals with observed outcomes, $\sigma_{{x¯}_{i1}}^{2}$ is the variance of the cluster-specific means of *X* among those with observed outcomes and $1/\eta_{i} = \text{E}(1/\sum_{l}R_{\mathit{ijl}})$. From equation ([6](#disp-formula12-0962280216648357){ref-type="disp-formula"}), it follows that the unadjusted cluster-level analysis using CRA will be unbiased if $$\beta_{1}(\mu_{x11} - \mu_{x}) = \beta_{2}(\mu_{x21} - \mu_{x}),\text{or equivalently},\frac{\beta_{1}}{\beta_{2}} = \frac{\mu_{x21} - \mu_{x}}{\mu_{x11} - \mu_{x}}$$

A sufficient condition for equation ([8](#disp-formula14-0962280216648357){ref-type="disp-formula"}) to hold is that $\beta_{1} = \beta_{2}$ (i.e. there is no interaction between baseline covariate and intervention group in the outcome model) and that the missingness mechanisms are the same in the two intervention groups, so that $\mu_{x11} = \mu_{x21}$. It can also be seen from equation ([6](#disp-formula12-0962280216648357){ref-type="disp-formula"}) that, when there is no missing data, $\mu_{x11} = \mu_{x21} = \mu_{x}$, and hence the unadjusted cluster-level analysis results in unbiased estimates of intervention effects even when $\beta_{1} \neq \beta_{2}$.

5.2 Adjusted cluster-level analysis using complete records {#sec12-0962280216648357}
----------------------------------------------------------

Recall that the first step of the adjusted cluster-level analysis involves fitting a regression model for Y with X as covariate, but ignoring the intervention indicator and clustering of the data. The residual ${\hat{\epsilon}}_{ijl}$ is then given by $${\hat{\epsilon}}_{ijl} = Y_{ijl} - {\hat{Y}}_{ijl}$$ where ${\hat{Y}}_{ijl} = \gamma + \lambda X_{ijl}$ is the predicted outcome for the $(\mathit{ijl})$th individual based on the first-stage model fit. The mean of the observed residuals of the *i*th group is given by $${\overline{\hat{\epsilon}}}_{i}^{\text{obs}} = \frac{1}{k_{i}}{\sum\limits_{j = 1}^{k_{i}}{\overline{\hat{\epsilon}}}_{\mathit{ij}}^{\text{obs}}}$$ where ${\overline{\hat{\epsilon}}}_{\mathit{ij}}^{\text{obs}} = 1/\left( {\sum_{l = 1}^{m_{ij}}R_{ijl}} \right){\sum_{l = 1}^{m_{ij}}R_{ijl}}{\hat{\epsilon}}_{ijl}$ is the mean of observed residuals of the $(\mathit{ij})$th cluster. The baseline covariate adjusted estimator of intervention effect is given by $${\hat{\theta}}_{\text{adj}}^{\text{obs}} = {\overline{\hat{\epsilon}}}_{1}^{\text{obs}} - {\overline{\hat{\epsilon}}}_{2}^{\text{obs}}$$ We show in Appendix 2 that $$\text{E}\left( {\hat{\theta}}_{\text{adj}}^{\text{obs}} \right) = \mu_{1} - \mu_{2} + \beta_{1}\left( {\mu_{x11} - \mu_{x}} \right) - \beta_{2}\left( {\mu_{x21} - \mu_{x}} \right) + \lambda\left( {\mu_{x21} - \mu_{x11}} \right)$$ Hence, the estimator (9) will be unbiased if (i) $\beta_{1} = \beta_{2}$ and $\mu_{x11} = \mu_{x21}$, or if (ii) $\lambda = \beta_{1} = \beta_{2}$. Equation ([10](#disp-formula18-0962280216648357){ref-type="disp-formula"}) is derived (see Appendix 2) assuming fixed values of $\gamma\text{ and }\lambda$ instead of their estimates. In practice, *γ* and *λ* are unknown and must be estimated by fitting the first-stage regression model for the observed outcomes. We are not worried about the estimate of the intercept parameter *γ* since the expression (10) is independent of *γ*. If *λ* is estimated consistently, then ${\hat{\theta}}_{\text{adj}}^{\text{obs}}$ will be a consistent estimator of intervention effect when in truth $\lambda = \beta_{1} = \beta_{2}$. The estimator of *λ*, say $\hat{\lambda}$, is calculated using complete records and will be unbiased (and therefore consistent) if $\left. R_{\mathit{ijl}}\bot\bot Y_{\mathit{ijl}} \middle| X_{\mathit{ijl}} \right.$. This is true only when the two intervention groups have the same missingness mechanisms and have the same baseline covariate effects on outcome in the outcome model. Therefore, assuming CDM, the baseline covariate adjusted cluster-level analysis is consistent only if the two intervention groups have the same covariate effects on outcome in the outcome model and the same missingness mechanisms. We also note that with no missing data $\mu_{x11} = \mu_{x21} = \mu_{x}$, hence, equation ([10](#disp-formula18-0962280216648357){ref-type="disp-formula"}) guarantees that the adjusted cluster-level analysis, which assumes that the covariate effect on outcome is the same in both groups, is unbiased, regardless of whether the covariate effect is the same in the intervention groups.

The variance of the estimator (9) can be written as (see Appendix 2 for derivation) $$\text{Var}\left( {\hat{\theta}}_{\text{adj}}^{\text{obs}} \right) = {\sum\limits_{i = 1}^{2}\frac{1}{k_{i}}}\left( {\left( {\beta_{i} - \lambda} \right)^{2}\sigma_{{\overline{x}}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}}} \right)$$

This shows that when $\beta_{1} = \beta_{2}$ and the missingness mechanisms are the same in the two intervention groups, in order for the estimator $(55)$ to have minimum variance one should replace the unknown *λ* by an estimate of $\beta_{1} = \beta_{2} = \beta$.

5.3 LMM using complete records {#sec13-0962280216648357}
------------------------------

Let *Z* be the intervention indicator which is zero for control group and is one for intervention group. When it is assumed that the two intervention groups have the same covariate effects on outcome, we fit a LMM with fixed effects of *X* and *Z*, and a random effect for cluster. Then the estimate of the coefficient of *Z* will be the estimated intervention effect accounting for *X*.

If one thinks that the baseline covariate effects on outcome could be different in the two intervention groups and there are missing outcome values, an interaction of *X* and *Z* must be included in the model. This implies that the intervention effect varies with *X*. Then the estimate of the intervention effect at the mean value of *X* is an estimate of the average intervention effect. Let $X^{*}$ denote the empirically centred variable $X - \overline{X}$, where $\overline{X}$ is the mean of X calculated using data from all individuals. If the baseline covariate effects on outcome are assumed to be different in the two groups, we fit a LMM, using complete records, with fixed effects of $X^{*}$, *Z* and their interaction, and a random effect for cluster. The estimate of the coefficient of *Z* will then be the estimated average intervention effect. One may need to account for the centring step in the variance estimation. We will investigate in the simulations whether ignoring this has any negative impact on CI coverage.

In the general theory of LMM, the variances of the fixed effects parameter estimates, which are calculated based on their asymptotic distributions, are known to be underestimated for small sample sizes.^[@bibr21-0962280216648357]^ In this paper, we used quantiles from *t*-distribution with DF $k_{1} + k_{2} - 2$ rather than the quantiles form the standard normal distribution to construct the confidence interval for the intervention effect, as this has been used in other papers for individual-level analysis using mixed models for CRTs.^[@bibr22-0962280216648357],[@bibr23-0962280216648357]^

6 Simulation study {#sec14-0962280216648357}
==================

A simulation study was conducted to investigate the performance of unadjusted cluster-level analysis, baseline covariate adjusted cluster-level analysis and LMM using CRA under baseline CDM in outcomes. We also investigated whether there is any gain using MI over CRA. The average estimate of intervention effect, its average estimated SE and coverage probability were calculated and compared. We considered balanced CRTs, where the two intervention groups have equal number of clusters $(k_{i} = k)$ and constant cluster size $(m_{\mathit{ij}} = m)$.

6.1 Data generation and analysis {#sec15-0962280216648357}
--------------------------------

For each individual in the study a single covariate value *X* was generated independently as $\left. X \right.\sim N(0,1)$. Since $\sigma_{x}^{2} = 1$, we can write the coefficient of *X* in equation ([1](#disp-formula1-0962280216648357){ref-type="disp-formula"}) as $\beta_{i} = \tau_{i}\sigma_{y}$, where $\sigma_{y}^{2}$ is the total variance of *Y* within each intervention group and *τ~i~* is the correlation coefficient between *Y* and *X* in intervention group *i*. We fixed $\sigma_{y}^{2} = 100,\alpha_{1} = 20$ and $\alpha_{2} = 25$. Then the outcome *Y* was generated using the model $$Y_{\mathit{ijl}} = \alpha_{i} + \tau_{i}\sigma_{y}X_{\mathit{ijl}} + \delta_{\mathit{ij}} + \varepsilon_{\mathit{ijl}}$$ where $\left. \delta_{\mathit{ij}} \right.\sim N(0,\rho\sigma_{y}^{2})$ and $\left. \varepsilon_{\mathit{ijl}} \right.\sim N(0,(1 - \tau_{i}^{2} - \rho)\sigma_{y}^{2})$. We chose the cluster size *m* = 30 for each cluster. Parameters that were varied in generating the data include the number of clusters in each group, $k = (5,10,20,30)$ and the unconditional ICC, $\rho = (0.001,0.05,0.1)$. The missing data indicators *R~ijl~* under CDM assumption were generated, independently for each individual, according to a logistic regression model $$\left. \text{logit}(R_{\mathit{ijl}} = 0 \middle| \mathbf{Y}_{\mathit{ij}},\mathbf{X}_{\mathit{ij}}) = \varphi_{i0} + \varphi_{i1}X_{\mathit{ijl}} \right.$$ The intercept $\varphi_{i0}$ and slope $\varphi_{i1}$ were chosen so that $\text{E}_{\mathit{jl}}(R_{\mathit{ijl}}) = p_{i}$, where *p~i~* is the desired proportion of observed values in intervention group *i*. The degree of correlation between missingness and baseline covariate depends on the value of $\varphi_{i1}$. We used $\varphi_{11} = \varphi_{21} = 1$, which gives the odds ratio for having a missing outcome $(Y)$ is 2.72 associated with a one unit increase in the covariate $(X)$ value. Missing data indicators were then imposed to each generated complete data to get the incomplete data.

Four possible scenarios were considered: $\varphi_{10} = \varphi_{20} = - 1$ and $\tau_{1} = \tau_{2} = 0.5$: missingness mechanism is the same between the intervention groups and there is no interaction between intervention group and baseline covariate in the outcome model.$\varphi_{10} = - 1,\quad\varphi_{20} = 0.5$ and $\tau_{1} = \tau_{2} = 0.5$: missingness mechanism is different between the intervention groups and there is no interaction between intervention group and baseline covariate in the outcome model.$\varphi_{10} = \varphi_{20} = - 1$ and $\tau_{1} = 0.4,\quad\tau_{2} = 0.6$: missingness mechanism is the same between the intervention groups and there is an interaction between intervention group and baseline covariate in the outcome model.$\varphi_{10} = - 1,\quad\varphi_{20} = 0.5$ and $\tau_{1} = 0.4,\quad\tau_{2} = 0.6$: missingness mechanism is different between the intervention groups and there is an interaction between intervention group and baseline covariate in the outcome model.

In the first and third scenarios, there was 30% missing outcomes in both the intervention groups. In the second and fourth scenarios, there was 30% missing outcomes in the control group and 60% missing outcomes in the intervention group. Each generated incomplete dataset was then analysed using unadjusted cluster-level analysis, baseline covariate adjusted cluster-level analysis and LMM using complete records. We included the interaction between intervention and covariate into the LMM in the third and fourth scenarios, where the two intervention groups have different covariate effects on outcome in the data-generating model for outcome.

The R package jomo^[@bibr24-0962280216648357]^ was used to multiply impute each generated incomplete dataset using MI with number of imputations 20. A random intercept LMM was used as the imputation model so that the imputation model was correctly specified. We used 200 burn-in iterations and 10 iterations between two successive draws after examining, respectively, the convergence of the posterior distributions of the parameters estimates of the imputation model and the plots of their autocorrelation functions. The completed datasets were then analysed using LMM. An interaction between intervention and baseline covariate was included in both the imputation model and the analysis model when the two intervention groups have different covariate effects on outcome in the data-generating model. We always used restricted maximum likelihood estimation method to fit the LMM. The Wald *t*-test with adjusted DF, given in equation ([3](#disp-formula8-0962280216648357){ref-type="disp-formula"}), with $\nu_{\text{com}} = 2(k - 1)$ was used to test the null hypothesis of intervention effect. We had maximum 50 convergence warnings in 10,000 simulations when LMM was fitted using the R package lme4.^[@bibr25-0962280216648357]^

6.2 Results {#sec16-0962280216648357}
-----------

Empirical average estimates of intervention effect, average estimated SEs and coverage probabilities of nominal 95% confidence interval over 10,000 simulation runs for each of the four scenarios are presented in [Tables 1](#table1-0962280216648357){ref-type="table"}[](#table2-0962280216648357){ref-type="table"}[](#table3-0962280216648357){ref-type="table"} to [4](#table4-0962280216648357){ref-type="table"}, respectively. Table 1.Simulation results-missingness mechanism is the same between the intervention groups and there is no interaction between intervention and baseline covariate in the data-generating model for outcome. Empirical average estimates of intervention effect, average estimated SEs and coverage probabilities of nominal 95% confidence interval over 10,000 simulation runs for unadjusted cluster-level analysis (CL(unadj)), baseline covariate adjusted cluster-level analysis (CL(adj)) and linear mixed model (LMM), using CRA and MI. Monte Carlo errors for average estimates and average estimated SEs are all less than 0.023 and 0.016, respectively. The true value of the intervention effect is 5.Average EstimateAverage estimated SECoverage (%)*ρk*CL(unadj)CL(adj)LMMMICL(unadj)CL(adj)LMMMICL(unadj)CL(adj)LMMMI0.154.984.994.994.982.312.212.232.1995.295.195.296.3105.014.985.004.991.661.591.601.5995.195.395.395.5204.994.994.994.991.181.141.141.1494.995.094.994.8305.015.005.015.010.970.930.930.9395.095.094.995.00.0555.004.985.005.001.881.761.781.7695.295.195.696.2105.015.005.015.011.351.281.281.2695.195.295.195.4205.015.005.015.010.960.910.910.9095.095.095.195.0304.994.994.994.990.790.750.740.7495.095.095.095.00.00154.984.984.994.991.341.181.311.3595.295.196.299.6105.015.005.015.010.960.850.900.9395.195.196.897.8204.994.995.005.000.690.610.630.6494.894.996.296.7305.005.005.005.000.560.500.510.5295.195.396.296.8

When the missingness mechanism is the same between the intervention groups and there is no interaction between intervention and baseline covariate in the outcome model, both the unadjusted and adjusted cluster-level analyses gave unbiased estimates of intervention effect with coverage probabilities very close to the nominal level (see [Table 1](#table1-0962280216648357){ref-type="table"}). However, these two methods gave biased estimates of intervention effect if the two intervention groups had either different missingness mechanisms or there was an interaction between intervention and covariate in the outcome model or both (see [Tables 2](#table2-0962280216648357){ref-type="table"}[](#table3-0962280216648357){ref-type="table"} to [4](#table4-0962280216648357){ref-type="table"}). In scenario 2, (two-stage) adjusted cluster-level analysis was very slightly downwardly biased (see [Table 2](#table2-0962280216648357){ref-type="table"}). Under scenario 2, the two intervention groups have the same covariate effects $(\beta_{1} = \beta_{2})$ but the missingness mechanism is different between the intervention groups, implying $\mu_{x11} \neq \mu_{x21}$. However, although $\left. R_{\mathit{ijl}}\bot\bot Y_{\mathit{ijl}} \middle| X_{\mathit{ijl}},Z_{i},R_{\mathit{ijl}}\neg\bot\bot Y_{\mathit{ijl}} \middle| X_{\mathit{ijl}} \right.$, where *Z~i~* is the intervention indicator. Therefore, the estimate of regression coefficient $(\lambda)$ of the first-stage analysis using CRA was biased as the regression model was fitted without considering *Z~i~*, the intervention indicator. Consequently, the second-stage analysis gave slightly biased estimates of intervention effect. These results support our derived conditions explained in Sections 5.1 and 5.2, respectively, for unadjusted and adjusted cluster-level analyses to be unbiased using CRA, where we showed that these two methods are unbiased only if the missingness mechanism is the same between the intervention groups and there is no interaction between intervention and baseline covariate in the data-generating model for the outcome. These results also imply that cluster mean imputation, as proposed by Taljaard et al.^[@bibr8-0962280216648357]^ (described in Section 4.2), is not valid under CDM assumption unless the two intervention groups have the same missingness mechanisms and there is no interaction between intervention and baseline covariate in the outcome model. The bias in average intervention effect estimates could be in either direction. But, in this paper, we always have downward bias in the reported intervention effect estimates. This is because we considered a positive correlation between baseline covariate and outcome in the data generation process, and a positive association between baseline covariate and probability of missingness in outcomes. As a result, a large value of outcome has higher chance of being missing compared to a low value of outcome. In our simulations the degree of bias was high if the two intervention groups had different covariate effects on outcome and it goes up if, in addition, the two intervention groups have different missingness mechanisms (see [Tables 3](#table3-0962280216648357){ref-type="table"} and [4](#table4-0962280216648357){ref-type="table"}). LMM and MI gave unbiased estimates of intervention effect under all the four considered scenarios, provided that an interaction of intervention and baseline covariate was included in the model to allow for different covariate effects on outcome in the two intervention groups (scenario 3 and 4). Table 2.Simulation results-missingness mechanism is different between the intervention groups and there is no interaction between intervention and baseline covariate in the data-generating model for outcome. Empirical average estimates of intervention effect, average estimated SEs and coverage probabilities of nominal 95% confidence interval over 10,000 simulation runs for unadjusted cluster-level analysis (CL(unadj)), baseline covariate adjusted cluster-level analysis (CL(adj)) and linear mixed model (LMM), using CRA and MI. Monte Carlo errors for average estimates and average estimated SEs are all less than 0.025 and 0.017, respectively. The true value of the intervention effect is 5.Average EstimateAverage estimated SECoverage (%)*ρk*CL(unadj)CL(adj)LMMMICL(unadj)CL(Adj)LMMMICL(unadj)CL(Adj)LMMMI0.153.834.945.015.012.442.322.342.2893.295.195.297.0103.814.945.035.031.761.671.681.6689.995.495.295.5203.784.915.004.991.251.191.191.1984.294.994.894.8303.794.935.015.011.020.980.980.9879.195.495.395.40.0553.774.904.984.982.041.901.941.9291.794.995.798.3103.784.905.004.991.481.381.381.3687.595.095.095.8203.764.924.984.981.050.980.980.9779.495.295.195.1303.774.924.994.990.860.800.800.8070.794.894.694.70.00153.774.895.005.001.581.391.541.6089.495.198.399.7103.764.894.994.981.141.011.061.1082.195.097.398.5203.784.915.005.000.810.720.740.7668.895.296.497.3303.784.925.005.000.660.590.600.6156.194.995.896.5 Table 3.Simulation results-missingness mechanism is the same between the intervention groups and there is an interaction between intervention and baseline covariate in the data-generating model for outcome. Empirical average estimates of intervention effect, average estimated SEs and coverage probabilities of nominal 95% confidence interval over 10,000 simulation runs for unadjusted cluster-level analysis (CL(unadj)), baseline covariate adjusted cluster-level analysis (CL(adj)) and linear mixed model (LMM), using CRA and MI. Monte Carlo errors for average estimates and average estimated SEs are all less than 0.024 and 0.016, respectively. The true value of the intervention effect is 5.Average EstimateAverage estimated SECoverage (%)*ρk*CL(unadj)CL(adj)LMMMICL(unadj)CL(Adj)LMMMICL(unadj)CL(Adj)LMMMI0.154.464.444.974.972.312.222.252.2294.394.395.096.4104.504.495.015.021.661.591.611.6093.793.694.794.8204.484.485.005.001.191.141.151.1592.592.694.994.9304.494.495.005.000.970.930.940.9491.391.294.794.70.0554.454.434.964.971.881.761.811.8094.093.795.397.1104.514.495.015.011.361.281.301.2993.793.495.095.5204.504.505.015.010.970.910.920.9291.991.694.894.8304.504.505.015.010.790.750.760.7590.489.894.694.60.00154.484.464.994.991.341.181.351.3993.493.598.199.4104.504.495.025.010.960.850.930.9692.391.696.997.9204.494.495.005.000.690.610.650.6688.987.296.396.8304.484.484.994.990.560.500.520.5484.981.695.696.3 Table 4.Simulation results-missingness mechanism is different between the intervention groups and there is an interaction between intervention and baseline covariate in the data-generating model for outcome. Empirical average estimates of intervention effect, average estimated SEs and coverage probabilities of nominal 95% confidence interval over 10,000 simulation runs using unadjusted cluster-level analysis (CL(unadj)), baseline covariate adjusted cluster-level analysis (CL(Adj)) and linear mixed model (LMM), using CRA and MI. Monte Carlo errors for average estimates and average estimated SEs are all less than 0.025 and 0.018, respectively. The true value of the intervention effect is 5.Average EstimateAverage estimated SECoverage (%)*ρk*CL(unadj)CL(adj)LMMMICL(unadj)CL(Adj)LMMMICL(unadj)CL(Adj)LMMMI0.153.024.095.005.002.442.312.422.3789.093.495.798.1103.034.105.015.011.761.671.731.7182.093.595.896.3203.034.115.015.011.251.191.231.2366.688.895.695.6303.034.115.015.021.020.971.011.0152.885.995.295.20.0553.024.105.015.012.051.892.062.0487.093.996.599.0103.024.105.015.011.471.361.451.4475.990.495.796.7203.014.084.984.981.050.981.031.0355.384.995.895.9303.024.105.015.000.860.800.840.8438.081.195.695.70.00153.024.074.994.991.571.371.691.7580.491.198.599.8103.034.105.005.001.130.991.171.2163.087.697.698.7203.024.105.005.000.810.710.810.8433.477.797.097.7303.014.105.005.000.660.580.660.6816.767.996.597.1

The LMM and MI had similar empirical average estimated SEs of the intervention effect estimates. The LMM gave coverage probabilities close to nominal level except for very small *ρ* and small *k*, where it showed slightly overcoverage. However, while LMM with $\nu_{\text{com}}$ gave good coverage, MI using $\nu_{\text{adj}}$ gave overcoverage, and this can be attributed to it using a smaller DF. The average estimates of $\nu_{\text{adj}}$, used by MI, over 10,000 simulations runs and $\nu_{\text{com}}$ for scenario 4 are presented in [Table 5](#table5-0962280216648357){ref-type="table"}. Results showed that the estimates of $\nu_{\text{adj}}$ are smaller compared to $\nu_{\text{com}}$. Table 5.Comparison between the complete data DF $(\nu_{\text{com}})$ and the average estimates of adjusted DF $(\nu_{\text{adj}})$, over 10,000 simulation runs, used by MI, when the two intervention groups have different missingness mechanisms and different covariate effects on outcome in the data-generating model for outcome (scenario 4). The last two columns show the upper 2.5% points of the *t-*distribution with $\nu_{\text{com}}$ and $\nu_{\text{adj}}$ DF, respectively.*ρk*$\nu_{\text{com}}$$\nu_{\text{adj}}$$t_{\nu_{\text{com}}}(0.025)$$t_{\nu_{\text{adj}}}(0.025)$0.1584.582.312.64101811.722.102.18203825.712.022.06305838.742.002.020.05583.922.312.8010189.642.102.24203820.612.022.08305830.182.002.040.001583.122.313.1110187.122.102.36203813.732.022.14305819.012.002.09[^1]

7 Discussion and conclusion {#sec17-0962280216648357}
===========================

In this paper, we aimed to investigate the validity of the unadjusted and adjusted cluster-level analyses, and LMM for analysing CRTs, where the outcomes are continuous and only outcomes are missing under CDM assumption. We used CRA and MI for handling the missing outcomes. The contributions of the paper can be summarised as follows:

First, we found that both the unadjusted and adjusted cluster-level analyses are in general biased using CRA unless there is no interaction between intervention and baseline covariate in the data-generating model for outcome and the missingness mechanism is the same between the interventions groups, which is arguably unlikely to hold in practice. Cluster-level analysis is used by many researchers to analyse CRTs because of its simplicity. We therefore caution researchers that these methods may commonly give biased inferences in CRTs with missing outcomes. However, we note that these two methods are unbiased with full data, even when there is an interaction between baseline covariate and intervention in the true data-generating model for outcome.

Second, cluster mean imputation has been previously recommended as a valid approach for handling missing outcomes in CRTs. We found that cluster mean imputation gave invalid inferences under CDM assumption unless missingness mechanism is the same between the intervention groups and there is no interaction between intervention and baseline covariate in the data-generating model for outcome.

Third, the LMM using CRA gave unbiased estimates of intervention effect regardless of whether missingness mechanisms are the same or are different between the intervention groups and whether there is an interaction between intervention and baseline covariate in the data-generating model for the outcome, provided that an interaction between intervention and baseline covariate was included in the model when such interaction exists in truth.

Finally, we compared the results of LMM using CRA with the results of MI. As expected, we found that MI gave unbiased intervention effects estimates regardless of whether missingness mechanisms are the same or are different in the two intervention groups and whether there is an interaction between intervention and baseline covariate. The LMM and MI had similar empirical SEs of the estimates of intervention effects. However, MI using adjusted DF estimates gave overcoverage for the nominal 95% confidence interval. This is due to underestimation of adjusted DF used by MI compared to complete data DF. Groenwold et al.^[@bibr20-0962280216648357]^ showed that there is little to be gained by using MI over LMM in the absence of auxiliary variables. Moreover, when missingness is confined to outcomes, LMMs fitted using maximum likelihood are fully efficient and valid under MAR.

Throughout this paper, we have assumed CDM mechanism in a continuous outcome, which is an example of MAR as our baseline covariate was fully observed. In practice, we cannot identify on the basis of the observed data which missingness assumption is appropriate.^[@bibr14-0962280216648357],[@bibr26-0962280216648357]^ Therefore, sensitivity analyses should be performed^[@bibr26-0962280216648357]^ (Ch. 10) to explore whether our inferences are robust to the primary working assumption regarding the missingness mechanism. Furthermore, we focused on studies with only one individual-level covariate; the methods described can be extended for more than one covariate.

In conclusion, in the absence of auxiliary variables, LMM using complete records can be recommended as the primary analysis approach for CRTs with missing outcomes if one is willing to make baseline CDM assumption for outcomes.
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The mean of the observed outcomes in a particular cluster can be written as $$\begin{array}{l}
{{\overline{Y}}_{ij}^{\text{obs}} = \frac{1}{\sum\limits_{l}^{m_{ij}}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}Y_{ijl}} \\
{= \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\left( {\alpha_{i} + \beta_{i}X_{ijl} + \delta_{ij} + \epsilon_{ijl}} \right)} \\
{= \alpha_{i} + \beta_{i}\frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}X_{ijl} + \delta_{ij} + \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl}} \\
{= \alpha_{i} + \beta_{i}{\overline{X}}_{ij}^{\text{obs}} + \delta_{ij} + \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl}} \\
\end{array}$$ where ${\overline{X}}_{\mathit{ij}}^{\text{obs}} = (1/\sum_{l}R_{\mathit{ijl}})\sum_{l = 1}^{m_{\mathit{ij}}}R_{\mathit{ijl}}X_{\mathit{ijl}}$ is the observed mean of the baseline covariate *X* in the $(\mathit{ij})$th cluster. The expected value of ${\overline{X}}_{\mathit{ij}}^{\text{obs}}$ across the clusters in the *i*th intervention group will be the true mean of *X* among those individuals with observed outcomes. Let $\mu_{\mathit{xi}1}$ denote the true mean of the baseline covariate *X* in the *i*th intervention group among those individuals with observed outcomes. Then $$\text{E}({\overline{Y}}_{\mathit{ij}}^{\text{obs}}) = \alpha_{i} + \beta_{i}\mu_{\mathit{xi}1} + \text{E}(\frac{1}{\sum\limits_{l}R_{\mathit{ijl}}}\sum\limits_{l = 1}^{m_{\mathit{ij}}}R_{\mathit{ijl}}\varepsilon_{\mathit{ijl}})$$

Let $\mathbf{R}_{\mathbf{ij}} = (R_{\mathit{ij}1},R_{\mathit{ij}2},\ldots,R_{\mathit{ijm}_{\mathit{ij}}})$ be the vector of missing data indicators for the $(\mathit{ij})$th cluster. Then $$\begin{matrix}
{\text{E}\left( {\frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl}} \right) = \text{E}\left\lbrack {\text{E}\left( \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl} \middle| \text{R}_{\text{ij}} \right)} \right\rbrack} \\
{= \text{E}\left\lbrack {\frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\text{E}\left( \epsilon_{ijl} \middle| \text{R}_{\text{ij}} \right)} \right\rbrack} \\
{= 0} \\
\end{matrix}$$ since *ε~ijl~*\'s are independent of *R~ijl~*\'s and $\text{E}(\varepsilon_{\mathit{ijl}}) = 0$. Therefore, we have $$\text{E}({\overline{Y}}_{\mathit{ij}}^{\text{obs}}) = \alpha_{i} + \beta_{i}\mu_{\mathit{xi}1}$$

The variance of ${\overline{Y}}_{\mathit{ij}}$ can be written as $$\begin{matrix}
{\text{Var}\left( {\overline{Y}}_{ij}^{\text{obs}} \right) = \beta_{i}^{2}\text{Var}\left( {\overline{X}}_{ij}^{\text{obs}} \right) + \sigma_{b}^{2} + \text{Var}\left( {\frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl}} \right)} \\
{= \beta_{i}^{2}\sigma_{{\overline{x}}_{i1}}^{2} + \sigma_{b}^{2} + \text{Var}\left( {\frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl}} \right)} \\
\end{matrix}$$ where $\sigma_{{x¯}_{i1}}^{2}$ is the variance of the cluster-specific means of X among those with observed outcomes.

Now $$\begin{matrix}
{\text{Var}\left( {\frac{1}{\sum\limits_{l}^{m_{ij}}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl}} \right) = \text{Var}\left\lbrack {\text{E}\left( \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{iij}}R_{ijl}}\epsilon_{ijl} \middle| \text{R}_{ij} \right)} \right\rbrack} \\
{+ \text{E}\left\lbrack {\text{Var}\left( \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl} \middle| \text{R}_{ij} \right)} \right\rbrack} \\
{= 0 + \text{E}\left\lbrack {\frac{1}{\left( {\sum\limits_{l}^{\,}R_{ijl}} \right)^{2}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\text{Var}\left( \epsilon_{ijl} \middle| \text{R}_{ij} \right)} \right\rbrack,~\text{using}~\text{equation }(12)} \\
{= \sigma_{w}^{2}\text{E}\left( \frac{1}{\sum\limits_{l}^{\,}R_{ijl}} \right)} \\
{= \frac{\sigma_{w}^{2}}{\eta_{i}}} \\
\end{matrix}$$ where $\text{E}(1/(\sum_{l}^{m_{\mathit{ij}}}R_{\mathit{ijl}})) = 1/\eta_{i}(\text{say})$. Therefore $$\text{Var}({\overline{Y}}_{\mathit{ij}}^{\text{obs}}) = \beta_{i}^{2}\sigma_{{x¯}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}}$$

The observed mean of the *i*th intervention group is calculated as $${\overline{Y}}_{i}^{\text{obs}} = \frac{1}{k_{i}}\sum\limits_{j = 1}^{k_{i}}{\overline{Y}}_{\mathit{ij}}^{\text{obs}}$$ Then $$\text{E}({\overline{Y}}_{i}^{\text{obs}}) = \alpha_{i} + \beta_{i}\mu_{\mathit{xi}1}$$ and $$\text{Var}({\overline{Y}}_{i}^{\text{obs}}) = \frac{1}{k_{i}}(\beta_{i}^{2}\sigma_{{x¯}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}})$$

The estimator of intervention effect in unadjusted cluster-level analysis based on observed values is given by $${\hat{\theta}}^{\text{obs}} = {\overline{Y}}_{1}^{\text{obs}} - {\overline{Y}}_{2}^{\text{obs}}$$ Then $$\begin{matrix}
{\text{E}\left( {\hat{\theta}}^{\text{obs}} \right) = \left( {\alpha_{1} + \beta_{1}\mu_{x11}} \right) - \left( {\alpha_{2} + \beta_{2}\mu_{x21}} \right)} \\
{= \left( {\alpha_{1} + \beta_{1}\mu_{x}} \right) - \left( {\alpha_{2} + \beta_{2}\mu_{x}} \right) + \beta_{1}\left( {\mu_{x11} - \mu_{x}} \right) - \beta_{2}\left( {\mu_{x21} - \mu_{x}} \right)} \\
{= \mu_{1} - \mu_{2} + \beta_{1}\left( {\mu_{x11} - \mu_{x}} \right) - \beta_{2}\left( {\mu_{x21} - \mu_{x}} \right)} \\
\end{matrix}$$ and $$\begin{matrix}
{\text{Var}\left( {\hat{\theta}}^{\text{obs}} \right) = \frac{1}{k_{1}}\left( {\beta_{1}^{2}\sigma_{{\overline{x}}_{11}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{1}}} \right) + \frac{1}{k_{2}}\left( {\beta_{2}^{2}\sigma_{{\overline{x}}_{21}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{2}}} \right)} \\
{= {\sum\limits_{i = 1}^{2}\frac{1}{k_{i}}}\left( {\beta_{i}^{2}\sigma_{{\overline{x}}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}}} \right)} \\
\end{matrix}$$ which tends to zero as $(k_{1},k_{2})$ tend to infinity.
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The mean of observed residuals of a particular cluster is given by $$\begin{matrix}
{{\overline{\hat{\epsilon}}}_{\mathit{ij}}^{\text{obs}} = \frac{1}{\sum\limits_{l}^{m_{ij}}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}{\hat{\epsilon}}_{ijl}} \\
{= \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\left( {Y_{ijl} - {\hat{Y}}_{ijl}} \right)} \\
{= \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\left( {\alpha_{i} + \beta_{i}X_{ijl} + \delta_{ij} + \epsilon_{ijl} - \gamma - \lambda X_{ijl}} \right)} \\
{= \alpha_{i} + \left( {\beta_{i} - \lambda} \right)\frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}X_{ijl} + \delta_{ij} + \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl} - \gamma} \\
{= \alpha_{i} + \left( {\beta_{i} - \lambda} \right){\overline{X}}_{ij}^{\text{obs}} + \delta_{ij} + \frac{1}{\sum\limits_{l}^{\,}R_{ijl}}{\sum\limits_{l = 1}^{m_{ij}}R_{ijl}}\epsilon_{ijl} - \gamma} \\
\end{matrix}$$ Then $$\text{E}\left( {\overline{\hat{\epsilon}}}_{\mathit{ij}}^{\text{obs}} \right) = \alpha_{i} + \left( {\beta_{i} - \lambda} \right)\mu_{xi1} - \gamma$$ and $$\text{Var}\left( {\overline{\hat{\epsilon}}}_{\mathit{ij}}^{\text{obs}} \right) = \left( {\beta_{i} - \lambda} \right)^{2}\sigma_{{\overline{x}}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}}$$ using the results (12) and (13). The mean of observed residuals of the *i*th intervention group can be written as $${\overline{\hat{\epsilon}}}_{i}^{\text{obs}} = \frac{1}{k_{i}}{\sum\limits_{j = 1}^{k_{i}}{\overline{\hat{\epsilon}}}_{\mathit{ij}}^{\text{obs}}}$$ Then $$\text{E}\left( {\overline{\hat{\epsilon}}}_{i}^{\text{obs}} \right) = \alpha_{i} + \left( {\beta_{i} - \lambda} \right)\mu_{xi1} - \gamma$$ and $$\text{Var}\left( {\overline{\hat{\epsilon}}}_{i}^{\text{obs}} \right) = \frac{1}{k_{i}}\left( {\left( {\beta_{i} - \lambda} \right)^{2}\sigma_{{\overline{x}}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}}} \right)$$

The baseline covariate adjusted estimator of intervention effect, based on observed values, is given by $${\hat{\theta}}_{\text{adj}}^{\text{obs}} = {\overline{\hat{\epsilon}}}_{1}^{\text{obs}} - {\overline{\hat{\epsilon}}}_{2}^{\text{obs}}$$ Then $$\begin{matrix}
{\text{E}\left( {\hat{\theta}}_{\text{adj}}^{\text{obs}} \right) = \left( {\alpha_{1} + \left( {\beta_{1} - \lambda} \right)\mu_{x11} - \gamma} \right) - \left( {\alpha_{2} + \left( {\beta_{2} - \lambda} \right)\mu_{x21} - \gamma} \right)} \\
{= \left( {\alpha_{1} + \beta_{1}\mu_{x}} \right) - \left( {\alpha_{2} + \beta_{2}\mu_{x}} \right) + \beta_{1}\left( {\mu_{x11} - \mu_{x}} \right) - \beta_{2}\left( {\mu_{x21} - \mu_{x}} \right) + \lambda\left( {\mu_{x21} - \mu_{x11}} \right)} \\
{= \mu_{1} - \mu_{2} + \beta_{1}\left( {\mu_{x11} - \mu_{x}} \right) - \beta_{2}\left( {\mu_{x21} - \mu_{x}} \right) + \lambda\left( {\mu_{x21} - \mu_{x11}} \right)} \\
\end{matrix}$$ and $$\begin{matrix}
{\text{Var}\left( {\hat{\theta}}_{\text{adj}}^{\text{obs}} \right) = \frac{1}{k_{1}}\left( {\left( {\beta_{1} - \lambda} \right)^{2}\sigma_{{\overline{x}}_{11}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{1}}} \right) + \frac{1}{k_{2}}\left( {\left( {\beta_{2} - \lambda} \right)^{2}\sigma_{{\overline{x}}_{21}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{2}}} \right)} \\
{= {\sum\limits_{i = 1}^{2}\frac{1}{k_{i}}}\left( {\left( {\beta_{i} - \lambda} \right)^{2}\sigma_{{\overline{x}}_{i1}}^{2} + \sigma_{b}^{2} + \frac{\sigma_{w}^{2}}{\eta_{i}}} \right)} \\
\end{matrix}$$ which tends to zero as $(k_{1},k_{2})$ tend to infinity.

[^1]: DF: degrees of freedom.
